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The heat transfer from a tube filled with an infiltrated granular layer has been simulated with account for the
parallel thermal conductivity of this layer at the first-kind and second-kind boundary conditions at the outer
surface of the tube with the use of the Danckwerts conditions. Analytical dependences determining the influ-
ence of the parallel thermal conductivity of the granular layer on the average at its cross section as well as
on the heat flow and the heat transfer in it have been obtained. Dependences for calculating the active length
of a heat exchanger are presented.

The phenomena of convective heat transfer in porous media and granular layers, including the heat exchange
in phase transformations, are of great interest because of the large number of applications. Among them are the re-
moval of heat from the macrowastes of a radioactive combustible in the case of a nuclear reactor accident, the heat
and mass transfer in the wastes of a nuclear fuel buried in deep natural geological spaces, the underground transfer of
contaminants, the development of sunlight detectors, the development of chemical-engineering apparatus in which reac-
tors with a high-density packed granular layer are used and optimization of processes occurring in them, and the de-
sign of nuclear reactors with spherical bodies. Of great practical interest is the study of the heat and mass transfer in
the process of combustion of a solid organic fuel in an immovable layer. An understanding of the main mechanisms
of the transfer processes occurring in porous and granular media is necessary for the development of regenerative heat
exchangers, high-efficiency thermal insulation for buildings and refrigerators, and high-efficiency methods of drying.

Since the processes pf heat transfer in infiltrated granular media proceed in complex-geometry channels, many
additional factors (as compared to single-phase media) influence their intensity and character. These factors are first of
all the diameter of the grains, their shape and thermophysical properties, and the character of packing of them (espe-
cially near the macrosurfaces) determining the near-wall thermal resistance. An important property of an infiltrated dis-
persive medium is the anisotropy of its effective diffusion and thermal conductivity, determining the transfer processes
in it. The velocity distribution of a heat-transfer agent flow in the cross section of a granular medium, which substan-
tially influences the heat-transfer processes in this medium, is also determined by its geometry: it differs from the ve-
locity distribution of a one-phase flow.

A large number of works are devoted to investigating the influence of different factors on the heat transfer
between a granular medium and the surface of a tube (see, e.g., [1–5]). However, the influence of the thermal anisot-
ropy of an infiltrated granular layer on its thermal state and the heat transfer between it and the surface of a tube was
practically not investigated. In this connection, the aim of the present work is to investigate the total influence of the
effective parallel and cross-field thermal conductivities of a granular layer on its thermal characteristics at different
boundary conditions.

First-Kind Boundary Conditions. For a steady-state heat exchange between a granular layer and a tube, the
heat-conduction equation (two zone one-temperature model) has the form

cf ρfu 
∂T
∂x

 = λr 




∂2T

∂r2  + 1
r

 
∂T

∂r




 + λx

∂2T

∂x2  . (1)
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at the boundary conditions

r = 0 ,   
∂T
∂r

 = 0 ;   r = R − l ,   − λr 
∂T
∂r

 = K (T − T0) ;

x = 0 ,   cf ρfuT
in

 = cf ρfuT − λx 
∂T
∂x

 ;   x = L ,   
∂T
∂x

 = 0 , (2)

where K = (1/αw + δm ⁄ λm)−1 is the heat-transfer coefficient accounting for the thermal resistance of the near-wall zone
1/αw and the wall of the tube δm ⁄ λm. The near-wall heat-transfer coefficient is determined by the dependence [5]

αw = 10
d

 (Aλf + 0.0061cf ρfud) , (3)

where A = 1.6 for heat-conducting particles and A = 1 for thermally nonconductive particles. The cross-field thermal
conductivity of the granular layer is determined from the formula [6]

λr = λs
0
 + 0.1cf ρfud . (4)

At a filtration rate u = 0, the thermal conductivity of the granular layer is calculated by the dependence [6]

λs
0
 = λf + 

λf (1 − ε) (1 − λf
 ⁄ λs)

λf
 ⁄ λs + 0.28 exp (0.63(λs

 ⁄ λf)
0.18)

 . (5)

The parallel thermal conductivity of the granular layer is determined as

λx = 0.66Ree
0.3λr . (6)

This expression is true at Ree = 10–4000. Formula (b) was obtained by us with the use of experimental data of [1,
Fig. IV.7]. As is seen, an infiltrated granular layer is an anisotropic medium with substantially different coefficients
λr and λx. Note that, at x = 0 and x = L, the boundary conditions represent the known Danckwerts conditions [7].

Let us write system (1), (2) in the dimensionless form:

∂θ

∂x ′
 = 
∂2θ

∂ (r ′)2
 + 1

r ′
 
∂θ

∂r ′
 + 1

Pe
2 
∂2θ

∂ (x ′)2
 ,

r ′ = 0 ,   
∂θ

∂r ′
 = 0 ;   r ′ = 1 − l

R
 ,   Bi θ + 

∂θ

∂r ′
 = 0 ;

x ′ = 0 ,   θ = 1 + 1

Pe
2
 
∂θ

∂x ′
 ;   x ′ = L′ ,   

∂θ

∂x ′
 = 0 .

(7)

The problem will be solved with the use of the Hankel finite integral transform [8] with respect to the vari-
ables r ′:

θ
~

 (µn, x ′) = ∫ 
0

1

r ′θ (r ′, x ′) J0 (µnr ′) dr ′ , (8)

where µn are roots of the characteristic equation 
J0(µn)
J1(µn)

 = 
µn

Bi
. Let us apply transform (8) to system (7). Using the re-

lation [8]
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 ∫ 
0

1 



∂2θ

∂ (r ′)2
 + 1

r ′
 
∂θ

∂r ′




 r ′J0 (r ′µn) dr ′ = − µn

2θ
~

(9)

we will obtain a differential equation in the region of representations

d
2θ
~

d (x ′)2
 − Pe

2
 
dθ
~

dx ′
 − Pe

2
 µn

2θ
~

 = 0 (10)

and the boundary conditions

x ′ = 0 ,   θ
~

 = 
J1 (µn)

µn

 + 
1

Pe
2 

dθ
~

dx ′
 ;   x ′ = L′ ,   

dθ
~

dx ′
 = 0 . (11)

Solution of (10), (11) gives

θ
~

 = 
J1 (µn) Pe

2
 (s2n exp (s2nL′ + s1nx ′) − s1n exp (s1nL′ + s2nx ′))

µn (s2n
2

 exp (s2nL′) − s1n
2

 exp (s1nL′))
 , (12)

where

s1n = 
Pe

2

2
 − 

Pe
2

2
 √1 + 4 

µn
2

Pe
2  ;   s2n = 

Pe
2

2
 + 

Pe
2

2
 √1 + 4 

µn
2

Pe
2  .

The change from the representation of the function θ
~

(µn, x ′) to its original θ(r ′, x ′) is performed by the for-
mula [8]

θ (r ′, x ′) = ∑ 

n=1

∞
2µn

2

Bi
2
 + µn

2
 
J0 (µnr ′)

J0
2
 (µn)

 θ
~

 (µn, x ′) . (13)

The desired solution has the form

θ = ∑ 

n=1

∞
2Bi

Bi
2
 + µn

2
 
J0 (µnr ′)

J0 (µn)
 (C1n exp (s1nx ′) + C2n exp (s2nx ′)) , (14)

where

C1n = 
Pe

2
 s2n exp (s2nL′)

s2n
2

 exp (s2nL′) − s1n
2

 exp (s1nL ′)
 ;

C2n = 
Pe

2
 s1n exp (s1nL′)

s1n
2

 exp (s1nL′) − s2n
2

 exp (s2nL ′)
 .

The dimensionless temperature averaged over the cross section of the tube is determined as

sθt = 
sTt − T0

T
in

 − T0

 = ∑ 

n=1

∞
4Bi

2

(Bi
2
 + µn

2) µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′)) . (15)
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The influence of the parallel thermal conductivity on the average dimensionless temperature is illustrated in
Fig. 1. It is seen that, when Pe decreases, the heat-transfer agent is completely cooled at larger values of x ′, which
can be explained by the influence of the longitudinal dispersive heat flow. For calculating the average dimensionless
temperature at x ′ = L ′ on the basis of approximation (15), we derived the following formulas (providing a roof-mean-
square deviation of 5%):

Fig. 1. Dependence of the average dimensionless temperature on x ′ (calculation
by (15)) at Bi = 1: Pe = 0.01 (1), 0.1 (2), 1 (3), 10 (4), 100 (5), and ∞ (6).
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sθt = 

exp 







− Bi L ′

Pe
−1.64

Bi + 0.79Pe
−0.054








1 + 0.96BiPe
−0.17

 L ′
 ,   Bi = 0.01 ... 1 ;

Fig. 2. Dependence of the dimensionless heat flow on x ′ (calculation by (17))
at Bi = 1. Designations 1–6 are identical to those in Fig. 1.
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sθt = 

exp 







− Bi L ′

0.35Pe
0.04

Bi + 3.68Pe
−1








1 + 1.59Bi
0.49

Pe
−0.024

 L ′
 ,   Bi = 1 ... 10 ;

sθt = 

exp 







− Bi L ′

0.4Pe
−0.1

Bi + 21.54Pe
−1.73








1 + 6.44Bi
−0.0035

Pe
−0.052

 L ′
 ,   Bi = 10 ... 100 .

(16)

The dimensionless heat flow removed from the region of length x of the heat exchanger is calculated by the formula

Q ′ = 
Q

πR2
cf ρfu (Tin

 − T0)
 = ∑ 

n=1

∞
4Bi

2

Bi
2
 + µn

2
 







C1n exp (s1nx ′)

s1n

 + 
C2n exp (s2nx ′)

s2n







 −

− ∑ 

n=1

∞
4Bi

2

Bi
2
 + µn

2 




C1n

s1n

 + 
C2n

s2n




 . (17)

Figure 2 shows the dependence of the value of Q ′ on x ′. It is seen that, in a heat exchanger having a fairly large
length, at certain values of La ′ (see Fig. 2 for L ′ = 10,000) Q ′ ceases to depend on x ′ and reaches a constant value
corresponding to the limiting value of the total flow (Q ′ = 1). The quantity La ′ is the active length of the heat ex-
changer, i.e., the length along which it exchanges a marked amount of heat with the environment. This length is de-
termined from the condition

1 − Q ′ ≤ 0.05 . (18)

Tanalysis of the dependences Q ′ = f(x ′, Pe, Bi, L ′), The following formulas were obtained for calculating the active
length of a heat exchanger on the basis of numerical

La = 
R

2
cf ρfu

λr
 (1.45Bi

−1
 + 2.14Bi

−0.45
Pe
−1) ,   Bi = 0.01 ... 1 ;

La = 
R

2
cf ρfu

λr
 (1.04Bi

−0.24
 + 1.7Bi

−0.13
Pe
−1) ,   Bi = 1 ... 100 .

(19)

Approximationly (17) gives a relation for determining (with a roof-square deviation of 5%) the value of the
total heat flow removed from the heat exchanger (for x ′ = L ′):

Q ′ = 2Bi L ′

Bi (2L ′ + 0.15Pe
−0.11) + 0.85Pe

−0.03
 ,   L ′ < La

 ′ ; (20)

Q∞
 ′  = 1 ,   L ′ ≥ La

 ′ . (21)

Note that (21) follows from (20) at L ′ → ∞ and from the condition of thermal balance of the system as a whole

Q∞ = πR2
cf ρfu (Tin

 − T0) . (22)
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Relations (16) and (20) can be used for selecting the geometric characteristics of a heat exchanger (length and radius
of the tube) filled with a granular layer at definite values of the flow rate of a heat-transfer agent, of the temperature
of the heat-transfer agent at the input and output of the heat exchanger, of the ambient temperature, and of the ther-
mophysical characteristics of the medium, the material of the particles, and the tube walls. The calculation is per-
formed by the standard method of successive approximations at a definite value of Bi with the use of one of the

Fig. 3. Dependence of the dimensionless heat-transfer coefficient on x ′ at the
first-kind boundary conditions (calculation by (26)) at Bi = 1. Designations 1–6
are identical to those in Fig. 1.
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relations (16). After a calculation cycle is completed, the range into which Bi falls is verified and, if necessary, an-
other computational relation (16) is selected, and so on.

For the heat-transfer coefficient determined by the relation

KΣ = K 
T
r ′=1−l ⁄ R

 − T0

sTt − T0
 , (23)

from (14), at l << R, and from the expansion

 ∫ 
0

1

J0 (µnr ′) r ′dr ′ = 1
µn

 J1 (µn) (24)

we obtain the dependence

KΣ = K 

∑ 

n=1

∞
Bi

2

(Bi
2
 + µn

2)
 (C1n exp (s1nx ′) + C2n exp (s2nx ′))

2 ∑ 

n=1

∞
Bi

2

(Bi
2
 + µn

2) µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′))

 , (25)

which is written in the dimensionless form as

Nu = 

∑ 

n=1

∞
1

(Bi
2
 + µn

2)
 (C1n exp (s1nx ′) + C2n exp (s2nx ′))

2 ∑ 

n=1

∞
1

(Bi
2
 + µn

2) µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′))

 . (26)

To estimate the influence of the parallel thermal conductivity on the heat-transfer coefficient, we constructed
the graphs Nu = f(x ′) at different values of Bi, Pe, and L ′. Such dependences, constructed for Bi = 1, are shown in
Fig. 3. As is seen, the stationary value of Nu = Nu∗ is independent of Pe. The length of the thermal-stabilization re-
gion increases with decrease in Pe.

In the case where Pe → ∞ (parallel thermal conductivity is absent), the value of Nu is determined by a for-
mula following from (26):

Nu = 

∑ 

n=1

∞
1

(Bi
2
 + µn

2)
 exp (− µn

2
x ′)

2 ∑ 

n=1

∞
1

(Bi
2
 + µn

2) µn
2 exp (− µn

2
x ′)

 . (27)

It should be noted that expression (27) was also obtained in [5]. The series in (27) converge quickly; therefore, at
x ′ > 0.5 (this corresponds to x > 0.5cf ρfuR2 ⁄ λr) we will restrict our consideration to their first terms and obtain the
following expressions for the stationary value of Nu:

Nu
∗
 = 
µ1

2

2
 = 

1

1
Bi

 + 1
2.8915

 . (28)
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Expression (28) was derived with the use of the relation [5]

µ1 = √2Bi
1 + Bi ⁄ 2.8915

 . (29)

At larger x ′, we can restrict our consideration to the first term in the series of formula (26); in this case, formula (26)
will be also reduced to (28).

Second-Kind Boundary Conditions. The boundary conditions for the heat-conduction equation (1) for a heat-
ing granular layer are as follows:

r = 0 ,   
∂T
∂r

 = 0 ;   r = R − l ,   λr 
∂T
∂r

 = q = const ;

x = 0 ,   cf ρfuT
in

 = cf ρfuT − λx 
∂T
∂x

 ;   x = L ,   
∂T
∂x

 = 0 .

(30)

Let us write (1) and (30) in the dimensionless form

∂θ

∂x ′
 = 
∂2θ

∂ (r ′)2
 + 1

r ′
 
∂θ

∂r ′
 + 1

Pe
2 
∂2θ

∂ (x ′)2
 ,

r ′ = 0 ,   
∂θ

∂r ′
 = 0 ;   r ′ = 1 − l

R
 ,   
∂θ

∂r ′
 = q

λr

 
R

T
in = Q
__

 ; (31)

x ′ = 0 ,   
1

Pe
2 
∂θ

∂x ′
 = θ ;   x ′ = L′ ,   

∂θ

∂x ′
 = 0 .

The problem will be solved using the Hankel finite integral transform with respect to the variable r ′ (8) on
the assumption that µn are roots of the characteristic equation J1(µn) = 0. Let us apply transform (8) to Eq. (31).
Using the relation [8]

 ∫ 
0

1 



∂2θ

∂ (r ′)2
 + 1

r ′
 
∂θ

∂r ′




 r ′J0 (r ′µn) dr ′ = Q

__
J0 (µn) − µn

2θ
~

(32)

we will obtain the differential equation in the region of representations

d
2θ
~

d (x ′)2
 − Pe

2
 
dθ
~

dx ′
 − Pe

2
 µn

2θ
~

 = − Pe
2
J0 (µn) Q

__
(33)

and the boundary conditions

x ′ = 0 ,   
1

Pe
2
 
dθ
~

dx ′
 = θ

~
 ;   x ′ = L ′ ,   

dθ
~

dx ′
 = 0 . (34)

Solution of (33), (34) gives

θ
~

 = 
J0 (µn) Q

__

µn
2  








Pe
2
 (s1n exp (s1nL ′ + s2nx ′) − s2n exp (s2nL ′ + s1nx ′))

s2n
2

 exp (s2nL ′) − s1n
2

 exp (s1nL ′)
 + 1






 . (35)
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The change from the representation of the function θ
~

(µn, x ′) to its original θ(r ′, x ′) is performed by the formula [8]

θ (r ′, x ′) = 2θ
~

 (0, x ′) + 2 ∑ 

n=1

∞

θ
~

 (µn, x ′) 
J0 (µnr ′)

J0
2
 (µn)

 . (36)

Fig. 4. Dependence of the average reduced dimensional temperature on x ′ (cal-
culation by (38)). Designations 1–6 are identical to those in Fig. 1.
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As a result, we obtain

θ = Q
__

 






2x ′ − 2 ∑ 

n=1

∞
J0 (µnr ′)

J0 (µn) µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′)) − 

1

4
 + 
(r ′)2

2







 +

+ 
2Q
__

Pe
2
 (1 − exp (− Pe

2
 (L ′ − x ′))) , (37)

where the quantities C1n and C2n are identical to those in (14).
The dimensionless temperature averaged over the cross section of the tube is determined by the formula

sθt = 
sTt − Tin

T
in  = Q

__
 

2x ′ + 2

Pe
2 [1 − exp (− Pe

2
 (L ′ − x ′))]


 , (38)

obtained on the basis of (37). Figure 4 shows the dependences of the reduced temperature sθt′ = sθt ⁄ Q
__

 on x ′ at dif-

ferent values of Pe and L′. It should be noted that, at small values of Pe (large coefficients λx) there is a region, in

Fig. 5. Dependence of the dimensionless heat-transfer coefficient on x ′ at the
second-kind boundary conditions (calculation by (41)). Designations 1–6 are
identical to those in Fig. 1.
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which the temperature changes insignificantly. This phenomenon is due to the influence of the dispersive heat back-

flow 



−λx
∂T
∂x



 directed to the input region of the tube.

For the heat-transfer coefficient, determined by the relation

α1 = q
T
r ′=1−l ⁄  R

 − sTt
 , (39)

we obtain, using the condition l << R and expression (37), the dependence

α1 = 1

R

λr

 






1

4
 − 2 ∑ 

n=1

∞
1

µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′))








 , (40)

and write it in the dimensionless form

Nu1 = 1

1

4
 − 2 ∑ 

n=1

∞
1

µn
2 (C1n exp (s1nx ′) + C2n exp (s2nx ′))

 . (41)

If the influence of the parallel thermal conductivity is disregarded (Pe → ∞), (41) takes the form

Nu1 = 1

1

4
 − 2 ∑ 

n=1

∞
exp (− µn

2
x ′)

µn
2

 . (42)

From (41) and (42) we obtain the following relation for calculating the stationary value of the heat-transfer coefficient
at x ′ → ∞:

Nu1
∗
 = 4 . (43)

Figure 5 presents the dependences Nu1 = f(x ′) obtained for different values of Pe and L′. It is seen that, when
Pe decreases, the length of the thermal-stabilization region increases and the stationary value of Nu1 is independent of
the parallel thermal conductivity.

If the resistance of the near-wall zone is taken into account, the total heat-transfer coefficient is determined as

α = 


1
αw

 + 1
α1





−1
 , (44)

TABLE 1. Values of the Heat-Transfer Coefficient at Different Reynolds Numbers

ReD α∗ α′
500 6.17 0.72

1000 6.81 0.72

2000 8.10 0.72

10,000 18.08 4.71

20,000 30.25 8.20

50,000 66.27 17.07
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and, in the case of steady-state heat exchange

α∗ = 


1
αw

 + R
4λr





−1
 . (45)

The stationary value of the dimensionless heat-exchange coefficient is equal to

Nud
∗
 = 


1

10A + 0.061RedPr
 + 

D ⁄ d

8 (λs
0 ⁄ λf + 0.1RedPr)





−1

 . (46)

The values of the heat-transfer coefficient α∗ determined from (46) are given in Table 1 at D = 0.2 m, d =
0.003 m, A = 1 (glass balls), λs = 0.56 W/(m⋅K), Pr = 0.72 (the air is filtered), T in = 373 K, ρf = 0.95 kg/m3, µf =
0.0000184 kg/(m⋅sec), λf = 0.033 W/(m⋅K), and ε = 0.4. For comparison, we present the heat-transfer coefficient α ′

for the case of a laminar flow in a tube without a granular layer: NuD = 4.36 [9]; in the turbulent flow regime, the
dimensionless heat-transfer coefficient is determined from the formula [9]

NuD = 0.021ReD
0.8

Pr
0.43

 .

It is seen that in a tube filled with a granular layer, the heat-transfer coefficient is much larger than in a tube through
which a pure air flows.

CONCLUSIONS

1. Dependences for calculating the active length of a heat exchanger at the first-kind boundary conditions (for-
mulas (19)) have been obtained.

2. It has been established that the length of the thermal-stabilization region increases with increase in the par-
allel thermal conductivity (Figs. 3 and 5).

3. Relations for calculating the average dimensionless temperature and the total heat flow under the first-kind
boundary conditions (relation (20)) have been obtained.

4. It has been established that the stationary value of the heat transfer coefficient is independent of the paral-
lel thermal conductivity of the granular layer ((28) at the first-kind boundary conditions and (43) at the second-kind
boundary conditions).

NOTATION

af, thermal diffusivity of a medium, m2/sec; Bi = KR/λr, Biot number; cf, heat capacity of a medium,

W/(kg⋅K); d, diameter of particles, m; de, 4εd/6(1 − ε), equivalent (hydraulic) diameter of a pore channel, m; D, inner

diameter of a heat exchanger, m; J0 and J1, first-kind Bessel functions of the zero and first orders; l, thickness of the

near-wall zone, m; L, length of the heat exchanger, m; La, active length of the heat exchanger, m; L′ = λrL/(R2cf ρfu);

La
′  = λrLa/(R

2cf ρfu);  Nu = KΣR ⁄ λr,  Nu1 = α1R ⁄ λr,  Nud
∗ = α∗d ⁄ λf,  NuD = α′D ⁄ λf, Nusselt numbers; Pe =

Rcf ρfu/(λxλr)
1 ⁄ 2, Peclet number; Pr = µf/(af ρf), Prandtl number; Q  = 2πR ∫ 

0

x

qdx, heat flow removed from the region

of length x, W; Q′ = Q ⁄ Q∞; q, density of a heat flow, W/m2; r, radial coordinate, m; r ′ = r/R; R = D/2; Red =

udρf
 ⁄ µf, ReD = uDρf

 ⁄ µf, Ree = udeρf/(εµf), Reynolds numbers; T, temperature, K; sTt, temperature averaged over the

cross section of the tube x = const, K; T in, temperature of the gas (liquid) at the input of the tube, K; T0, ambient

temperature, K; u, rate of gas (liquid) filtration, m/sec; x, longitudinal coordinate, m; x ′ = (λrx)/(R2cf ρfu); αw, near-
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wall heat-transfer coefficient, W/(m2⋅K); α1, α, α∗, heat-transfer coefficients in (39), (44), (45), W/(m2⋅K); δm, thick-

ness of the tube wall, m; ε, porosity, θ = (T − T0)/(T in − T0) and θ = (T − T in)/T in, dimensionless relative temperatures

at the first-kind and second-kind boundary conditions; λf, thermal conductivity of the medium, W/(m⋅K); λx and λr,

parallel and cross-field thermal conductivities of the granular layer, W/(m⋅K); λm, thermal conductivity of the tube ma-

terial, W/(m⋅K); λs, thermal conductivity of the material of the particles, W/(m⋅K); λs
0, thermal conductivity of the

granular layer at u = 0, W/(m⋅K); µf, dynamic viscosity of the medium, kg/(m⋅sec); ρf, density of the medium,

kg/m3. Subscripts: a, active; e, equivalent; f, medium (gas or liquid); in, input; m, material of the tube; s, particle; w,

near-wall; Σ, total.
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